We present a mathematical analysis of borehole stability when drilling through rock salt. First, we consider an elastic transversely isotropic medium and find the optimal mud weight as a function of the vertical overburden and horizontal tectonic stresses. Then, the Zener and Maxwell mechanical models are used to model the effects of transient and steady-state creep flow, respectively, in isotropic media. Under certain conditions such as the absence of dilatational anelasticity, the Burger model can be used to describe the steady-state flow, including transient creep effects. The type of creep is regulated by critical octahedral-stress values that depend on temperature and pressure. A typical drilling results in conditions of plane strain, whose solution is given by Kirsch's equations. In this case, the borehole is subject to minimum and maximum horizontal stresses, which differ from the vertical stress. The analysis provides expressions for the shape of the borehole-cross section, the boreholewall closure time, and the optimal mud weight to avoid wall collapse or expansion. It is shown that an anisotropic state of tectonic stress may require mud pressures exceeding the overburden stress and that the calculation should consider the joint optimization of the shape and area of the borehole cross section.
INTRODUCTION
Exploration areas where massive salt bodies are dominating features constitute a challenge for drilling operations ͑Bradley, 1978; Infante and Chenevert, 1986; Kim, 1988 , Leblanc, 1994a Depending on well conditions ͑tectonic stress, temperature, and mud weight͒, salt shows transient and steady-state creep behavior, which may cause hole closure or lost circulation. Rock salt behaves differently from other rocks in that it has the ability to creep and flow significantly with time, depending on the stress and temperature conditions. Creep and flow lead to borehole deformations which may cause complications such as stuck pipe and casing collapse ͑after drilling and cementation, salt creep and subsequent casing collapse may occur͒. It is therefore clear that significant benefits can be obtained from quantifying the magnitude and timing of salt loading ͑Willson, 2003͒.
Rock salt mainly flows when subjected to distortional or deviatoric stress. Under isotropic stress ͑often called hydrostatic stress͒, rock salt does not flow appreciably even though it will deform elastically ͑small strains or deformations͒. It flows under isotropic stress to achieve ͑minor͒ porosity reduction. Because the deformation is small for isotropic stresses, the major flow deformation is associated with the deviatoric stress. The magnitude of the deviatoric stress is proportional to the octahedral stress ͑see below͒, a scalar that is invariant under coordinate transformations and whose value determines the character of the flow of the rock salt around the borehole.
Our objective is to present a theoretical study of the problem of stability of a borehole drilled through a salt formation with the purpose of evaluating the optimal mud weight and avoiding creep effects. Early theoretical studies on borehole stability were based on models developed for underground salt cavities ͑e.g., Serata and Gloyna, 1960͒ . Infante and Chenevert ͑1986͒ use an elastic rheology to obtain the optimal mud weight for boreholes. Their analysis does not consider creep flow and assumes that the medium is isotropic and that the ͑horizontal͒ tectonic stress is also isotropic and equal to the overburden stress. Under these conditions, the solution has azimuthal symmetry around the borehole axis.
We do not consider poroelastic and chemical effects, although the former can be important in some situations when pore pressure induced by anisotropy in rock properties and stress distribution become significant ͑Abouleisman et al., 1996; Abouleisman and Cui, 1998͒ . However, the reality is that porosity effects are small and negligible in most rock salt formations, at least where data are available, implying that stress induced by fluid invasion from the well into the formation can be neglected. The extremely low permeability of salt clearly demonstrates that. Salt is even less permeable than the most impermeable shales, which have permeabilities less than nano Darcies. Hence, poroelastic effects are not important for salt, at least for the initial behavior. The porosity of the salt ͑crack porosity when the salt goes to failure͒ may become important when the rock salt has extruded large distances and begins to fail, but our focus here is the behavior of the salt during drilling and before casing.
Near failure, permeability may play a role when the diffusion of the pore fluid creates stress-induced poroelastic effects. Ghassemi and Diek ͑2001͒ have shown that, although chemical osmosis in shales reduces the pore pressure and stabilizes the borehole, ion diffusion into the formation may induce tensile radial stress. An important extension of the theory is applying the generalization to inclined boreholes. When the principal stresses are not vertical or horizontal, corresponding to the axis of the borehole ͑and the normal to the formation͒, the problem becomes truly 3D, because generally, all the shear components are different from zero ͑e.g., 1997; Ekbote and Abouleisman, 2003; Roegiers, 2002͒. In this work, we generalize Infante and Chenevert's approach in several respects. First, we consider a transversely isotropic elastic medium and a cylindrical stress state; that is, one in which there is equal horizontal principal stress but a different vertical principal stress. The solution for this case also has azimuthal symmetry. Second, we assume an isotropic viscoelastic medium and a true triaxial stress state, i.e., the borehole is subject to minimum and maximum horizontal -tectonic -principal stresses, which differ from the vertical -overburden -principal stresses. In this case, the solution does not exhibit azimuthal symmetry and describes transient and steady-state creep flow and elliptical deformations of the borehole cross section.
We consider an unbounded homogeneous layer of rock salt and a borehole of infinite length with an initial circular cross section. Drilling a borehole under constant tectonic-stress conditions is similar to a creep experiment, so the problem is to obtain the corresponding creep functions or time-varying strains. One principalstress direction is vertical, and the problem becomes one of plane strain if the medium has a vertical symmetry axis, i.e., a horizontally layered isotropic medium or a transversely isotropic medium with a vertical symmetry ͑polar͒ axis.
There is experimental evidence that linear viscoelastic models are appropriate to describe the behavior of rock salt. Gangi ͑1981, 1983͒, among others, obtained exponential functions of time using linear viscoelastic models to fit data for synthetic and natural rock salt. Some of these experiments lasted more than 600 hours ͑25 days͒. The viscoelastic creep -with steady-state creep -of salt can be described by a Burger's model which includes the transient creep of the Zener model, which does not exhibit steady-state creep, and the steady-state creep of a Maxwell model. The Burger model, corresponding to the rigidity modulus, is shown in Figure 1 ͑the Maxwell and Zener model are particular cases of the Burger model as demonstrated in the figure caption͒. The Zener model is used under pressure and temperature conditions, where the rock behaves as a viscoelastic solid. The choice depends on the value of the elastic octahedral stress, which determines the limit separating transient flow from unrecoverable steady-state flow. When the hole conditions are such that the octahedral stress exceeds a given threshold ͑the elastic octahedral-stress limit, see below͒, we use the Maxwell model, which describes the behavior of a viscoelastic fluid.
The procedure to obtain the optimal mud weight and borehole shrinkage ͑reduction of the hole radius͒ is to calculate how the stress state and octahedral stress vary after drilling. The analysis also yields the borehole-section deformation in the case of differential horizontal stress. As mentioned above, the goal is to obtain the time-varying strains or creep functions. For isotropic viscoelastic media, there are two creep functions, related to the two fundamental deformations of the medium, i.e., dilatations and distortions. These basic creep functions correspond to the bulk and shear moduli and viscosities, etc. In the plane-strain ͑or plane-stress͒ problem, the strain components depend on combinations of these basic creep functions. The corresponding creep coefficients are calculated using the method of partial fractions in the frequency domain.
MEAN AND OCTAHEDRAL STRESSES
We use the octahedral-stress theory to describe the deformation of the borehole in the salt formation. In cylindrical coordinates ͑r,,z͒, we define the mean stress
and the octahedral stress
͑2͒
where equals the stress components. The borehole problem can be treated as a state of plane strain, where the vertical displacement is constant with radial position, and the horizontal displacements are independent of z. In a plane state of strain, the strain components ⑀ rz = ⑀ z = 0. As a consequence, applying Hooke's law, the stress components rz and z vanish, at least for media having Figure 1 . Burger's viscoelastic model for the shear modulus. It is an electric-circuit analog for the mechanical system with stress analogous to current and strain analogous to voltage ͑or potential͒. The stress-strain relations of each constituent are: 1 = 1 ⑀ 1 , 2 = 1 ⑀ 1 , = 2 ⑀ 2 and = 2 ⑀ 3 . Using the relations ⑀ = ⑀ 1 + ⑀ 2 + ⑀ 3 and = 1 + 2 , we obtain equation 100. The Zener model is obtained for 2 → ϱ ͑i.e., when ⑀ 2 → 0͒; the Kelvin-Voigt model is obtained for 2 → ϱ ͑when ⑀ 3 → 0͒ and 2 → ϱ ͑when ⑀ 2 → 0͒; and the Maxwell model is obtained for 1 → ϱ ͑when ⑀ 1 → 0͒, and 1 → ϱ ͑when ⑀ 1 → 0͒.
orthorhombic and higher symmetries ͑e.g., Charlez, 1991͒. The stresses defined in equations 1 and 2 are invariants because they are independent of the choice of reference axis ͑e.g., Pande et al., 1990͒. Before drilling, or at r → ϱ, ͑far-field stresses͒, we have
͑e.g., Jaeger and Cook, 1969; Charlez, 1991͒ , where H and h are the maximum and minimum horizontal ͑tectonic͒ stresses ͑at = 0 and = /2, respectively͒, and the vertical overburden stress, v , can be determined from the density log as
where is the density and g is the acceleration of gravity. Figure 2 shows the octahedral stress as a function of the octahedral strain. When the stress vector associated with the normal to the octahedral plane is generated, its components in the principal directions are the eigenstresses ͑or principal stresses͒. Alternatively, it has two components -one normal to the plane, which has a magnitude equal to the mean stress and one tangential to the plane, which has a magnitude equal to the octahedral stress. The latter is proportional to the magnitude of the deviatoric stress.
The rock starts to yield when o exceeds the elastic octahedralstress limit oe . Below this limit, there is gradual creep deformation when constant stress is applied. Then, if o is lower than the elastic limit oe , the material follows a viscoelastic stress-strain relation. If o lies between oe and the plastic limit op , steady-state flow occurs. Beyond op failure is likely to occur.
Before drilling, the mean and octahedral stresses are obtained by substituting equation 3 into equations 1 and 2. It gives
͑6͒
For brevity, we use the following notation in the case of axisymmetry: r = rr , = , z = zz , ⑀ r = ⑀ rr , ⑀ = ⑀ , and ⑀ z = ⑀ zz .
ELASTIC STRESSES IN ANISOTROPIC ROCK
There are three main factors to consider rock salt an anisotropic medium. First, rock salt crystals are intrinsically anisotropic with cubic symmetry ͑Sun et al., 1991͒. Second, the deformation of salt during flow leads to preferred lattice orientation of the constituent crystals, leading to effective transverse isotropy, according to Raymer et al. ͑2000͒ . Third, transverse isotropy can be induced by the tectonic stress.
The combination of these three effects may lead to lower symmetries than transverse isotropy, depending on the orientation of the princpal axes related to each cause. In this section, we assume h = H and a transversely isotropic medium whose symmetry axis is parallel to the borehole axis, and we generalize the equations given by Serata and Gloyna ͑1960͒ and Infante and Chenevert ͑1986͒.
The strain-stress relations are 
where C 2 is another integration constant. Using equations 14 and 20, we obtain the other two stress components,
These equations have the same functional form as those for isotropic rock salt ͑Infante and Chenevert, 1986; Cristescu, 1989͒, although this is not obvious from the beginning mathematical viewpoint. This equivalence results from the azimuthal symmetry in the horizontal plane.
The boundary conditions are
͑see equation 3͒, where r 0 is the borehole radius and p is the well pressure. Using equations 22-24, we obtain C 1 = h , C 2 = −͑p + h ͒r 0 2 , and
Therefore, the strain components in equation 7 are given by
where we have used equations 8. The radial displacement is obtained from equation 13:
͑28͒
The first term corresponds to the the displacement before drilling when r = = h and z = v . After drilling, the relative displacement is given by the second term. The mean and octahedral stresses in equations 1 and 2, are given, respectively, by equation 5 and
The maximum octahedral stress occurs at the borehole wall, and this value should be less than oe , the octahedral shear stress limit for elastic ͑transient͒ behavior. Hence, the borehole pressure to maintain the elastic behavior of the salt formation should satisfy
This range of wellbore pressures is the same as the isotropic model ͑Infante and Chenevert, 1986͒. The differences of the isotropic case are in the expressions of the radial displacement and strain components, which depend on the values of the elastic constants. The borehole will be stabilized perfectly for an isotropic ͑or even anisotropic͒ medium when the borehole pressure is equal to the isotropic tectonic stress. Obviously, this will not apply to an anisotropic state of stress if the medium is linearly viscoelastic at all octahedral stresses. It will be stabilized if the medium is elastic below the oe octahedral stress. There will be a range of borehole pressures to keep the octahedral stress below oe or op for an isotropic medium under anisotropic stress even though the range would be different than that for the anisotropic medium.
Transient-creep effects in isotropic rock
Viscoelastic flow ͑creep͒ is present at all levels of octahedral stress but becomes important when o exceeds the elastic octahedral stress oe . Therefore, we assume that below this level we only have transient creep. The o used to apply this criterion is obtained from equation 75 ͑see below͒, i.e., the maximum octahedral stress at the borehole wall after drilling. In order to include transient creep, we consider the generalized Zener viscoelastic strain-stress relation ͑Ben- Menahem and Singh, 1981; Klausner, 1991; Carcione, 2001͒ . This model gives relaxation and creep functions in agreement with experiments ͑Zener, 1948͒. We define the deviatoric stress and strain tensors as
respectively, where, according to the Einstein summation convention of repeated indices, = ii and = ⑀ ii are the traces of the stress and strain tensors. The one-mechanism 3D form for isotropic viscoelastic media is
͑Ben-Menahem and Singh, 1981͒, where k 0 and 0 are the relaxed bulk and shear moduli; ⑀ ͑m͒ and ͑m͒ are material relaxation times, corresponding to dilatational ͑m = 1͒ and shear ͑m = 2͒ deformations; and a dot above a variable denotes time differentiation. The unrelaxed moduli are Borehole stability in salt formations F35
with ͑m͒ Ͻ ⑀ ͑m͒ . In the frequency domain, the time derivative is replaced by i, where is the angular frequency, and equations 33 and 34 take the form = 1 3k 0
where k͑͒ and ͑͒ are the bulk and shear complex moduli, respectively.
The relaxation times can be expressed as
where 0 is a relaxation time such that 0 = 1/ 0 is the center frequency of the relaxation peak and Q 0 ͑m͒ is the minimum quality factor, which can be obtained from the experimental relaxation times. The overall dilatational and shear quality factors are given by Q d = Re͑k͒/Im͑k͒ and Q s = Re͑͒/Im͑͒, respectively ͑Ben-Menahem and Singh, 1981; Carcione, 2001͒, where Re and Im denote real and imaginary parts.
The stress components after drilling for an elastic medium have been obtained by Kirsch ͑1898͒ ͓see Jaeger and Cook, ͑1969͒; Cristescu, ͑1989͒; and Charlez, ͑1991͔͒: 
At the borehole wall ͑r = r 0 ͒ and after drilling,
and
defining the minimum and maximum-stress concentrations at = 0 and = /2, respectively. The relative stresses are obtained by subtracting equations 3 from equations 39: 
͑41͒
Invoking the correspondence principle ͑Ben-Menahem and Singh, 1981; Carcione, 2001͒, the viscoelastic frequency-domain, strainstress relations have the same form of the elastic, time-domain, strain-stress relations. Assuming isotropy, the frequency-domain strain-stress relations are
͑Ben-Menahem and Singh, 1981͒, where here Y and are complex and frequency dependent, through equations 11, 36, and 37. Because for plane strain, ⑀ zz = 0, equations 42 become
ͪ͑ rr + ͒,
where we have used equation 11. From equations 36 and 37 and using partial fractions, we have
͑45͒
where
The quantity inside the square root in equation 46 can be shown to be always positive under the conditions 
where H͑t͒ is the Heaviside function. A Fourier transform of equation 45 to the time domain gives the response function,
where ␦͑t͒ is Dirac's function. The corresponding creep function is
such that = , and the following relation holds
Hence, the time-domain strain-stress relations in equation 43 are
where the ‫ء‬ denotes time convolution. In a creep process, the stresses remain constant and have the form 0 H͑t͒, where 0 is constant. It follows that equations 52 can be written as
where rr , , and r are given by equation 39 to obtain the total strain components, and by equation 41 to obtain the relative-strain components.
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The strain-displacement relations in cylindrical coordinates are
Using the relative stress components in equation 41 and integrating the first equation 54 yields
͑55͒
where f͑͒ depends only on . The second equation 54 implies u = ͵ ͑r⑀ − u r ͒d.
͑56͒
Using equations 53 and 55, we obtain
where g͑r͒ is independent of . It can be verified that ⑀ r calculated from equations 54 and 53 ͑see equation 41͒ are equivalent if 
Optimal mud weight and borehole shrinkage
Let us calculate the optimal mud weights or optimal borehole pressures to avoid borehole closure. The maximum-stress concentration at the borehole wall occurs at = /2, where equations 40 become rr = − p,
We consider the unrelaxed and the relaxed states. In the latter case, we should replace by 0 = ͓1 − 1/͑1/3 − k 0 / 0 ͔͒/2, i.e., the relaxed Poisson ratio. The maximum octahedral stress after drilling is obtained by substituting the preceding equations into equation 2. This gives the following relation:
where zz is given by equation 62. The maximum octahedral stress should be less than oe , the octahedral-stress limit for unrelaxed ͑elastic͒ behavior or less than or , the octahedral-stress limit for relaxed behavior if is replaced by its relaxed value 0 . Solving equation 63 for p, we obtain the following condition for the borehole pressure: 
͑66͒
If H = h , we obtain condition equation 30.
In the following, we determine the change in the shape of the borehole cross section ͑Cristescu, 
͑70͒
which are the parametric equations of an ellipse. The minor and major semiaxes vary with time and are given by
The difference between the major and minor semiaxis is
͑72͒
At t = 0 and t = ϱ, the minor semiaxis is
The major semiaxis is
The viscoelastic moduli can be obtained from creep experiments. The more realistic test is the triaxial one, which brings the rock very close to the stress state existing around boreholes. A cylindrical sample is first subjected to hydrostatic pressure, and then the axial stress is increased and held constant for a very long time. During this interval, the variations of the axial and azimuthal strains are recorded. The relaxed and unrelaxed moduli can be obtained from the strain curves. In some cases, creep can be studied in situ ͑e.g., Ladanyi and Gill, 1983͒. 
Steady-state creep effects in isotropic rock
We consider again the plane-strain equation 43:
The corresponding complex compliance moduli are 
͑82͒
A Fourier transform of equation 80, to the time domain gives the following response function:
͑83͒
The corresponding creep function is
͑84͒
The second term describes the steady-state creep process. The material responds instantaneously with the modulus ϱ + 3k ϱ and has a transient creep behavior with relaxation time equal to 1/ 1 . The strain-stress relations have the form equation 53, and the strain-displacement relations are given by equation 54. Using the relative-stress components in equation 41, we obtain the displacements in equations 58 and 59, where 2 and are given by equations 79 and 84, respectively.
Optimal mud weight and borehole shrinkage
According to equations 62-66, at the onset of the steady-state creep process the mud weight must satisfy equation 64, with = ϱ . In order to obtain the mud weight, we need to calculate the stress component zz as a function of time by using equation 62. A partial-fraction decomposition of the frequency-dependent Poisson ratio ͑see equation 11͒ yields
where 1 is given by equation 81, 
͑90͒
Using equations 81 and 87, we obtain
The major and minor semiaxes vary with time as in equation 71, with 2 and given by equations 79 and 84, respectively. At t = 0, the minor semiaxis, a͑0͒, is given by the first equation 71. The wall-closure time t c is obtained for a͑t c ͒ = 0, i.e., for
ͪͬ, ͑95͒
and the condition of equation 92 can be solved analytically, giving
͑96͒
If p = − h , then a͑t͒ = r 0 at all times. Wall closure occurs for p Ͻ − h .
Viscosities and steady-state creep rates
The viscosities k and are related to the steady-state creep rates by
where o is the octahedral stress in equation 75, and ė k and ė are the steady-state creep rates for dilatation and shear. These can be expressed as
e.g., Gangi, ͑1983͒, where A k , A , n k , and n are constants; E k and E are the activation energies for dilatation and shear, respectively; R is the gas constant; T is the absolute temperature, and o is given in MPa. The form of the empirical relations in equations 98 and 99 are determined by performing experiments at different strain rates, temperatures and/or stresses ͑e.g., Gangi, 1983; Carter and Hansen, 1983͒ .
THE BURGER MODEL
A unique model to describe both the transient-and steady-state creep process is given by two Zener elements, one of them with very large relaxation times, ⑀ ͑m͒ . In practice, this is the Burger model, which is formed with a series connection of a Zener element and a dash pot, or equivalently, a series connection of a Kelvin-Voigt element and a Maxwell element ͑e.g., Klausner, 1991͒ . The response of the Burger model is instantaneous elasticity, delayed elasticity ͑or viscoelasticity͒, and viscous flow, the latter described by the dash pot. On removal of the perturbation, the instantaneous and delayed elasticity are recovered, and a viscous flow remains.
The creep function corresponding to ͑ + 3k͒ −1 cannot be solved analytically because the decomposition in partial fractions involves the solution of a fourth-order polynomial to find the relaxation times. The problem has an analytical solution if the shear or bulk moduli are frequency independent. Because the viscoelastic flow mainly results from shear deformations, we assume that the bulk modulus is constant. Figure 1 shows 
Equation 102 is similar to 45, whose creep function is given by equation 50. In this case, we have
As mentioned above, the Burger model can also be described as a series connection of a Zener element and a dash pot, in this case the dash pot of viscosity 2 . In terms of the Zener parameters, we
.
͑105͒
The strain-stress relations have the form of equation 53, and the strain-displacement relations are given by equations 54. Using the relative-stress components 41, we obtain the displacements 58 and 59, where 2 and are given by equations 100 and 104, respectively. The major and minor semiaxes vary with time as in equation 71, with 2 and given by equations 100 and 104, respectively. The wall-closure time t c is obtained for a͑t c ͒ = 0, i.e., for
The optimal mud weight should satisfy equation 64 with zz given by equation 62. The relaxed ͑ = 0͒ and unrelaxed ͑ = ϱ͒ values of the Poisson ratio are 1/2 and ͑3k − 2 2 ͒/͑3k + 2 ͒/2, respectively. At the relaxed state, it is zz = v + H − h .
EXAMPLES
To illustrate the theory, we first compute hole-closure times, and the radius and radial displacements of the borehole wall as a function of time for typical material properties and in-situ stress and temperature conditions. The last example considers a model where a young marine-sediment column ͑e.g., Gulf of Mexico͒ has been intruded by a thick homogeneous layer of salt below 2 km depth. We consider the Louann Salt formation in the Gulf of Mexico ͑In-fante and Chenevert, 1986͒. Cores of Louann salt, collected from an approximate 4-km depth, have been tested in a triaxial compression cell with the entire surface of the core subject to a fairly constant stress of approximately 91 MPa ͑the overburden͒. This stress was applied to core ends by a moveable piston and to the side of the core by hydraulic pressure. The tests were performed for different deviatoric stress by varying the hydraulic pressures at levels below 91 MPa. The axial deformation was determined as a function of time for a period of one hour for a range of temperatures. where T is given in degrees Celsius. The steady-state behavior increases with temperature. The steady-state region, where rock salt flows, lies between the two limits. Failure occurs after the plastic limit. The onset of the steady-state behavior decreases with temperature. For low temperatures ͑24°C͒ the Louann salt has linear elastic behavior up to an octahedral stress of about 10 MPa. For higher levels of stress the material deforms at a steady-state strain rate and behaves like a viscous fluid at the plastic limit. Typically, for deeper salt deposits exposed to high temperatures ͑177°C͒, the octahedral stress-limits are confined at much lower levels ͑4-5 MPa͒. The plot of oe and op in Figure 3b , with the fitting equations 107 and 108, provide a guide to estimate such stress values at various temperatures.
The physical properties of rocks, including the elastic and plastic limits of rock salt, vary with mean stress as well as with temperature ͑e.g., Cristescu and Hunsche, 1998͒. In particular, at low confining pressure ͑e.g., shallow wells and salt mines͒, the sensitivity to pressure may be significant. In oil exploration wells, however, which are normally deep and with high confining pressure, the sensitivity to pressure variation is small and thus can be neglected.
Let us consider first the elastic model. For an overburden average density of = 2.4 g/cm 3 and z = 3 km, the vertical stress is v = gz = 71 MPa, where z is the depth. The hydrostatic pressure is p H = w gz = −29 MPa, where w = 1 g/cm 3 . Assuming h = H = v , the borehole pressure to maintain the elastic behavior should satisfy 61 MPa Յ −p Յ 80 MPa, according to equation 30.
Next, we assume nonuniform horizontal loading with h = 0.8 H and H = v . The temperature is a function of depth through the geothermal gradient G as T = zG. If G = 30°C/km, we have T = 90°C, oe = 7.5 MPa and op = 9.9 MPa. Because o given by equation 75 is 5.8 MPa, i.e., less than oe , we use the Zener model to describe the deformation. Reports on the material properties of rock salt for oil-well stability problems are scarce. Studies have generally been performed for underground shallow cavities and salt diapirism ͑diapir: a relatively mobile mass that intrudes into preexisting rocks͒. Values of ϱ versus temperature are taken from Frost and Ashby ͑1982͒:
ͪͬ. Let us assume now that the depth is z = 4 km. The vertical stress is v = gz = 94 MPa, and we assume nonuniform horizontal loading with h = 0.8 H and H = v . If G = 30°C/km, we have T = 120°C, oe = 6.2 MPa and op = 8.5 MPa. Because o , given by equation 75 is 7.7 MPa, i.e., greater than oe , we use the Maxwell model to describe the deformation. In this case, ϱ = 14 GPa, and k ϱ = 23 GPa. We take Figure 6a shows a model where a young marine-sediment column ͑e.g., Gulf of Mexico͒ has been intruded by a 3-km-thick homogeneous layer of salt at levels below 2-km depth. The salt is characterized by a negligible small porosity and a density of 2.1 g/cm 3 . Assuming a brine pore fill ͑1.03 g/cm 3 ͒, we have computed the bulk density and the corresponding overburden stress v using common procedures ͑e.g., Carcione et al., 2003͒. To comply with the practice in drilling engineering, we express the overburden stress and mud pressure by their equivalent mud weights, or the equivalent densities of the mud needed to balance pressure at given depths. Using a geothermal gradient of 30°C/km, we have established the elastic and plastic limits oe and op , respectively, within the salt layer.
In the first experiment ͑I͒ ͑shown in Figure 6b͒ , we assume an isotropic stress distribution where H = h = v , and the resulting limits p 1 ͑I͒ and p 2 ͑I͒ vary symmetrically versus depth with respect to v and with p 1 ͑I͒ well below the overburden pressure. In the second experiment ͑II͒, we introduce a nonuniform loading with h = 0.8 H and H = 1.1 v . The latter values are consistent with values of stress anisotropy at prospective depths provided by Hegret ͑1987͒ and Arjang ͑1989͒ for the Canadian Shield, and in agreement with the global picture presented by Engelder ͑1993, p.91͒. In this case, the minimum mud weight p 1 ͑II͒ exceeds the overburden stress in most of the salt section, except below the depth where the initial deviatoric stress o ͑i.e., equation 6͒ approach the plastic limit op . The elastic-to-plastic transition implies a slow creep that is sufficient to relieve any significant stress differences over geologic time. Below this critical level, the stress patterns within the salt will tend towards isotropy; hence, elasticity will be recovered ͑see Figure 3a͒ , and the elastic condition in equation 64 for the borehole pressure applies.
Drilling in salt with a borehole pressure at the overburden gradient, even with heavier mud, is a common experience in the Zagros Fold Belt ͑Iran͒ -one of the motivations for the present study. Here, a thick layer of salt in the Gachsaran Formation ͑e.g., see Bahroudi and Koyi, 2004͒ forms the cap rock covering the major hydrocarbon reservoirs in the region. A lateral shortening in Zagros of approximately 10 mm/y, inferred from GPS measurements by Tartar et al. ͑2002͒ , is associated with a strong nonuniform loading ͑Bird, 1978͒. Hence, experiment II in Figure 6b portrays a realistic situation. Now, suppose that the well has been drilled using the minimum mud pressure p = −p 1 as in case II of Figure 6b . Then, we follow the development in time of the borehole geometry and eventually further adjust the mud pressure to optimize the hole stability as shown in Figure 7 at 10, 50, and 100 hs after drilling. The Maxwell viscoelastic model is applied with the viscosities given by equation For mud pressure p = −p 1 , the borehole through the top salt section remains stable, whereas the lower part expands by about 10% after 100 hs at the elastic-plastic transition boundary ͑4.36 km͒. Below this critical level, the borehole contracts by about 5% in 100 hs. Obviously, a mud pressure of p = −p 1 fails to stabilize the borehole, and we adjust the mud weight to improve the situation as shown in Figure 8 with p = −1.05p 1 . Now, with slightly heavier mud, the changes in the borehole are less than 1% after 100 hs and only about 2% after 1000 hs, which normally should be sufficient time to drill and set the casing. Setting casing at the transition level would be required before drilling with reduced mud weights in the lower section.
The anisotropic-stress state ͑i.e., when deviatoric stress exists͒ would require mud weight in excess of overburden ͑i.e., borehole pressures greater than the overburden pressure͒ only if the horizontal principal stresses ͑one or both͒ exceed the overburden stress. If the horizontal principal stresses are both less than the overburden ͑vertical principal͒ stress, then the borehole pressure need not exceed the overburden stress for stability. Obviously, if the horizontal ͑isotropic͒ principal stress exceeds the overburden stress, borehole pressure greater than the overburden will be needed to prevent intrusion of the salt. However, the formation would be hydrofractured; i.e., borehole fluid would be injected into the formation. However, fracture pressure in salt has proved to be much higher than in nonsalt sections at a comparable depth when drilling in the Gulf of Mexico ͑Barker and Meeks, 2003͒.
To our knowledge, the only published caliper measurements of shrinkage and expansion of a real well bore in a salt layer ͑prob-ably Louann salt͒, as a function of time for three different mud weights, were made by Kim ͑1988͒. His results agree qualitatively with our theory; i.e., for highly underbalanced mud ͑14.3 lb/gal͒, the hole shrinkage ͑18 inches at 17,700 ft͒ was significant ͑2.3 inches in 12 hours͒, and by increasing the mud weight ͑to 15.3 lb/gal͒ the shrinkage was reduced ͑0.6 inches in 12 hours͒. With Figure 7 but with a small change in mud pressure to p = −1.05p 1 ͑II͒ in an attempt to stabilize the hole. Note that after 1000 hs, the change in the hole diameter is less than 2%. heavier mud weight ͑17.3 lb/gal͒, the caliper indicated stability or a slight expansion of the hole. For operational reasons, each experiment was terminated with only one caliper run after 12 hours. The data provided by Kim ͑1988͒ are thus not sufficient for a quantitative comparison with our theory.
The theory developed here can be used also to evaluate hole stability when drilling through shale formations. The analysis would be valid when the shale behaves like rock salt, i.e., when it flows fairly readily, which happens at low effective pressures ͑for instance, there are shale diapirs in the Gulf of Mexico͒. See Johnston ͑1987͒ for experimental data for shale on viscoelastic and creep properties as a function of pressure and temperature.
CONCLUSION
We have developed a theoretical approach to analyze the stability of boreholes during and after drilling. We obtain expressions for the shape of the borehole cross section, the borehole-wall closure time, and the optimal mud weight to avoid wall collapse and expansion. The theory describes transient creep by the Zener model and steady-state creep by the Maxwell model or by the Burger model. The Zener model is used under pressure and temperature conditions, where the rock behaves as a viscoelastic solid. The choice depends on the value of the elastic octahedral stress which determines the limit separating transient flow from unrecoverable steady-state flow.
Examples for the Louann Salt formation are given. At 3-km depth, the vertical overburden stress is 71 MPa, and the octahedral-stress limit for elastic or viscoelastic transient behavior is 7.5 MPa. Under isotropic tectonic-stress conditions, the theory predicts a range of mud pressure between 61 and 80 MPa to stabilize the borehole. On the other hand, if the maximum horizontal stress is equal to the vertical stress and there is a differential horizontal tectonic stress of 20%, the predicted range is ͑65, 83͒ MPa. Under these conditions, the minor semiaxis of the hole elliptical cross section decreases by 45% if the borehole is empty and by 25% if it is filled with water ͑a hydrostatic pressure of −29 MPa͒. On the other hand, the semiaxis increases by nearly 20% if the mud pressure is −100 MPa, i.e., 29 MPa higher than the vertical overburden stress.
At a 4-km depth, the vertical overburden stress is 94 MPa, the octahedral stress limit is 6.2 MPa, and rock salt shows viscoelastic flow. The Maxwell and Burger models predict a range of mud pressure of ͑96,111͒ MPa and ͑98,109͒ MPa for the unrelaxed ͑imme-diately after drilling͒ and relaxed states, respectively. The holeclosure times depend on the value of the steady-state creep rates and viscosities through the activation energies. Assuming that the shear deformations are dominant, a rock salt viscosity of the order of 10 15 Pa s gives a closure time of a few years for an empty hole, while the closure time is 24 min for a viscosity of nearly 10 11 Pa s. By adjusting the mud weight, we may keep constant the elliptical cross-section area, and hence the mud volume, but fail to control the hole geometry at the same time. For deeply buried salt exposed to tectonic forces, the in-situ octahedral stress may approach the plastic limit; and thus, the salt will be subject to creep. Since creep over geologic time is likely to relieve any significant stress differences, the elasticity will recover and hole stability below the critical depth is feasible.
In the example presented here, we have defined different regimes based on the value of the octahedral stress. We model steady-state creep effects with the Maxwell or Burger model below a given depth determined by the in-situ temperature conditions. Alternatively, the Maxwell or Burger models can be used over the whole range of octahedral stresses. In this case, the method requires a precise determination of the activation energies as a function of the octahedral stress and temperature.
The preceding predicted values are very sensitive to the anelastic properties of rock salt and the in-situ stress and temperature conditions. A precise evaluation of the borehole stability requires a detailed characterization of rock salt behavior by means of laboratory experiments. The theory has been applied to rock salt but can also be used to evaluate hole stability when drilling through shale formations. In some cases, the inclusion of poroelastic effects and borehole inclination can be important.
